HIGHER JET PROLONGATION LIE ALGEBRAS AND BACKLUND 
TRANSFORMATIONS FOR (1 + l)-DIMENSIONAL PDES 

SERGEY IGONIN 

Abstract. For any (1 + l)-dimensional evolution PDE, we define a sequence of Lie algebras F p , 
p = 0, 1, 2, . . . , which are responsible for all Lax pairs and zero-curvature representations (ZCRs) of 
this PDE. 

In our construction, jets of arbitrary order are allowed. In the case of lower order jets, the 
algebras F p generalize Wahlquist-Estabrook prolongation algebras. 

To achieve this, we find a normal form for (nonlinear) ZCRs with respect to the action of the 
group of gauge transformations. One shows that any ZCR is locally gauge equivalent to the ZCR 
arising from a vector field representation of the algebra F p , where p is the order of jets involved in 
the cc-part of the ZCR. 

More precisely, we define a Lie algebra ¥ p for each nonnegative integer p and each point a of the 
infinite prolongation £ of the PDE. So the full notation for the algebra is ¥ p (£ , a). 

Using these algebras, one obtains a necessary condition for two given evolution PDEs to be 
connected by a Backhand transformation. 

In this paper, the algebras ¥ p (£ , a) are computed for some PDEs of KdV type. In a different paper 
with G. Manno, we compute ¥ p (£ , a) for multicomponent Landau-Lifshitz systems of Golubchik and 
Sokolov. In the obtained algebras, one encounters solvable ideals, semisimple ideals, and infinite- 
dimensional Lie algebras of matrix- valued functions on algebraic curves. 

Applications to classification of KdV and Krichever-Novikov type equations with respect to 
Backhand transformations are also discussed. 
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1. Introduction 

1.1. The main results. A large part of the theory of integrable systems is devoted to evolution 
PDEs of the form 

(1) — = F\x,t,u 1 ,...,u m ,u{,..., <\..., u l d ,...,u™), 

i if +\ i . 

u=u(x,t), u k = -^- jr , i = l,...,m. 

Here the number d is such that the functions F l may depend only on the variables x, t, u J , u\ for 
k < d. 

This class of PDEs includes many celebrated equations of mathematical physics (e.g., the KdV, 
Landau-Lifshitz, nonlinear Schrodinger equations). 

Many more PDEs can written in the evolution form ([1]) after a suitable change of variables^. For 
example, the sine-Gordon equation u tt — u xx = smu is equivalent to the evolution system 

u\ = u 2 , u\ = u xx + sin-u 1 , 

where u 1 = u, u 2 = u t , and subscripts denote derivatives. 

In this paper, integrability of PDEs is understood in the sense of soliton theory and the inverse 
scattering method. This is sometimes called S'-integrability. 

It is well known that, in order to understand integrability properties of (CQ), one needs to study 
overdetermined systems of the form 



(2) 



K = 0C 3 {W 1 , . . . , W q , X, t, u\ . . . , M m , U\, . . . , <\ . . . , u\, . . . , U™), 

w \ = 0i (w 1 ,..., w q } x, t, u 1 , . . . , u m } u{ } ... , u'i; u p+d _ 1} u p+d _ , ,. 



1l m 

' ? 1 5 ' ' 


u 1 








• • 5 U p+d 







w 3 = w 3 (x, t), 

such that system ([2]) is compatible modulo ([1]). The precise meaning of this compatibility condition 
is explained in Remark [5] below. 

It is well known that Lax pairs, Biicklund transformations, and zero-curvature representations 
for ([1]) can be described in terms of systems ([2]) compatible modulo ([T|). Thus compatible systems ([2]) 
are of fundamental importance for the theory of nonlinear PDEs in two independent variables x, t. 

The number p in ([2]) is such that the functions a 3 may depend only on the variables w l , x, t, u l k 
for k < p. Then, as is explained in Remark the compatibility condition implies that the functions 
(3 3 may depend only on w l , x, t, u\, for k' < p + d — 1. 

If the functions a 3 , f3 3 are linear with respect to w , . . . , w q , then (T2J) corresponds to a zero- 
curvature representation for system ([1]). In the case of nonlinear functions a 3 , (3 J , a compatible 
system (T2]) can be regarded as a nonlinear zero-curvature representation for ([T|). 

In this paper, we study the following problem. Given a system ([1]), how to describe all systems ([2]) 
that are compatible modulo ([1])? 

In the case when p = and the functions F\ a 3 , (3 3 do not depend on x, t, a partial answer to 
this problem is provided by the Wahlquist-Estabrook prolongation method (WE method for short). 
Namely, for a given system ([T]), the WE method constructs a Lie algebra in terms of generators 
and relations such that compatible systems of the form 

^ w 3 x = a j {w\...,w q ,u 1 ,...,u m ), 

w { = (3 3 (w\...,w q ,u\...,u m , Ud_i,...,u£-i), 
w 3 = w 3 (x,t), j = l,...,g, 



4t is known that almost any determined system of PDEs in two independent variables can be written in the 
evolution form (TTJ) by means of a change of variables. 
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correspond to representations of this algebra by vector fields on the manifold W with coordinates 
w l ,... y w q (see, e.g., [31 [131 E]) an d references therein). This algebra is called the Wahlquist- 
Estabrook prolongation algebra. 

In order to study the general case of systems with arbitrary p, we need to consider gauge 
transformations. A gauge transformation is given by an invertible change of variables of the form 

(4) x x, 1 1 — y t, u % i — y w l , u\ h- u k , w J ' y-¥ g-'iw 1 , . . . , w q , x, t, u\ u], . . . ), j = l,...,q. 

Substituting fll]) to ([2]), we obtain equations of the form 

w 3 x = a J (w 1 ,...,w q ,x,t,u\ul,...), 
w\ = ^(w\...,w q } x,t,u\ul } ...), 
= w 3 (x,t), j = l,...,q. 

System (jSJ) is said to be gauge equivalent to system (jSJ) if (jSD and (T5]) are connected by a change of 
variables of the form (T4]). 

If ([21) is compatible then for any gauge transformation (j3J) the corresponding system (jSJ) is com- 
patible as well. 

The WE method does not consider gauge transformations. In the classification of compatible 
systems (EJ) this is acceptable, because the class of systems (EJ) is relatively small. 

The class of systems (J2J) is much larger than that of 03]) • As we show below, gauge transformations 
play a very important role in the classification of compatible systems (J2J). Because of this, the 
classical WE method does not produce satisfactory results for (T5]). 

To solve this problem, we combine the technique of gauge transformations with ideas similar to 
the WE method. Loosely speaking, our results can be stated as follows. 

We find a normal form for systems ([2]) with respect to the action of the group of gauge trans- 
formations. This allows us to define a Lie algebra ¥ p for each p G Z> such that the following 
properties hold. Any compatible system is locally gauge equivalent to the system arising from 
a vector field representation of the algebra F p . Two compatible systems of the form §2§ are locally 
gauge equivalent iff the corresponding vector field representations of F p are locally isomorphic. 

More precisely, as is discussed below, we define a Lie algebra F p for each p 6 Z> and each point 
a of the infinite prolongation £ of system ([T|). So the full notation for the algebra is ¥ P (S, a). 

Recall that the infinite prolongation £ of ([1]) is the infinite-dimensional manifold with the coor- 
dinates 

x, t, u l k , i = l,...,m, k G Z> , u l = u l . 

The precise definition of ¥ p (£, a) for any system (JTJ is presented in Section [2j In this definition, 
the algebra ¥ p (£, a) is given in terms of generators and relations. 

We consider representations of the Lie algebra ¥ p (£, a) by vector fields on the manifold W 
with coordinates w 1 , . . . , w q . Such vector field representations of ¥ p (£,a) classify (up to gauge 
equivalence) all compatible systems where functions a- \ (3 3 are defined on a neighborhood of 
the point a G £. See Section [2] for details. 

Some applications of the algebras ¥ p (£, a) to classification of evolution PDEs with respect to 
Backlund transformations are discussed in Subsection 11.21 

According to Section [21 the algebras ¥ p (£, a) for p G Z> are arranged in a sequence of surjective 
homomorphisms 

(6) ► F p (£, a) ->■ ¥ p -\£ , a) > ¥\£, a) -> ¥°(£, a). 

Let us describe the structure of ¥ p (£ , a) and the homomorphisms ([6]) more explicitly for some 
PDEs. Theorems [1] and [2] are proved in Sections [3] and [5] respectively. 



(5) 
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Theorem 1 (Section [3]). Let £ be the infinite prolongation of the equation 

(7) u t = u xxx + f(u,u x ), u = u(x,t), 

where f is an arbitrary function. Let a G £. 

For each p G Z >0; consider the homomorphism (p p : ¥ p (£,a) — > ¥ p ~ l (£,a) from ([HD- Then we 
have 

[v u v 2 }=0 V^iGker^p, Vv 2 e¥ p (£,a). 

That is, the kernel of ip p is contained in the center of the Lie algebra ¥ p (£,a). 
For each k G Z >0; let ipk '■ ¥ k (£,a) — > F°(£, a) be the composition of the homomorphisms 

¥ k {£, a) ¥ k -\£, a) -)• > ¥\£ , a) -)• F°(£, a) 

/rem ([6]). TTien 

[/ii, [/i 2 , • • • , [/ifc-i, [/ife, h k +i]] ...]]= V/ii, . . . , /ife+i G kerV'fc- 

In particular, the kernel of ipk is nilpotent. 

Theorem 2 (Section [5]). Consider the infinite- dimensional Lie algebra 

sb(C[A])^5l 2 (C) ® C C[A], 
where C[A] is £/ie algebra of polynomials in A. Lei £ 6e i/ie infinite prolongation of the KdV equation 

(8) Mt = + u x u. 
Let a G £ . T/ien 

• i/ie algebra ¥°(£, a) is isomorphic to the direct sum o/s^CfA]) and a 3- dimensional abelian 
Lie algebra, 

• for each p G Z >0; £/ie kernel of the surjective homomorphism ¥ p (£, a) — > F°(£, a) /rom ([6]) 
is nilpotent. 

To describe F°(£,a) for the KdV equation in Theorem [21 we use the following fact. If the 
functions F l in (Tj[|) do not depend on x, t, then the algebra ¥°(£,a) is isomorphic to a certain 
subalgebra of the Wahlquist-Estabrook prolongation algebra for (JT]) (see Theorem [7] in Section 0] 
for details). 

The explicit structure of the Wahlquist-Estabrook prolongation algebra for the KdV equation is 
given in [H |3], and this allows us to describe ¥°(£, a) for the KdV equation. 

Remark 1. Using some extra computations, one can prove the following. 

Proposition 1. Let £ be the infinite prolongation of the KdV equation. For any a £ £ and any 
p G Z>o, the algebra ¥ p (£,a) is isomorphic to the direct sum of ^(CfA]) and a finite-dimensional 
nilpotent Lie algebra. 

We do not present the proof of Proposition [1] in this paper, because the result of Theorem [2] is 
sufficient for the main applications to Backhand transformations, which are discussed in Subsec- 
tion o 

To describe another example, we need some auxiliary constructions. Let C[vi,V2,v^\ be the 
algebra of polynomials in the variables v\, v 2 , ^3- Let ei, e^, e$ G C be such that e\ ^ e 2 ^ e% ^ e\. 
Consider the ideal X eiie2je3 C C[t>i, t>2, t^] generated by the polynomials 

(9) v\ - v) + ei- e j} i, j = 1, 2, 3. 
Set 

^ei.ea.eg = C[f 1, V 2 , f 3] /X ei , e2 ,e 3 • 
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In other words, E ei:e2>e3 is the commutative associative algebra of regular functions on the algebraic 
curve in C 3 defined by the polynomials (J9]). It is easy to check that this curve is nonsingular and 
is of genus 1. 

We have the natural projection C[vi,V2,v 3 ] —> E eie2 ^ 3 . The image of Vi G C[vi,v 2 ,v 3 ] in E eiie2tea 
is denoted by G E eifi2 ^ for 2 = 1,2, 3. 

Consider also a basis xi, x 2 , x 3 of the Lie algebra so 3 (C) such that 

[x 1 ,x 2 ] = x 3 , [x 2 ,x 3 ] = x 1 , [x 3 ,x 1 ]=x 2 . 

We endow the space so 3 (C) £g>c ^ei,e 2 ,e 3 with the following Lie algebra structure 

[yi ® h, y 2 <g> h 2 ) = [yi, y 2 ) ® hh 2 , y u y 2 G so 3 (C), h u h 2 G E ei>e2jB3 . 

Denote by ^K eue2fi3 the Lie subalgebra of so 3 (C) ®c E ei)e2iea generated by the elements 

Xi®Vi G so 3 (C) <g> c -E ei , e2 , e3 , « = 1, 2, 3. 

It is easily seen that the Lie algebra 9\ eiif , 2ie3 is infinite-dimensional. According to [H], the 
Wahlquist-Estabrook prolongation algebra of the anisotropic Landau-Lifshitz equation is isomor- 
phic to the direct sum of 9{ eije2je3 and a 2-dimensional abelian Lie algebra. 

According to Proposition [2] below, the algebra £H ei)e2je3 appears also in the structure of the 
algebras ¥ p (£, a) for the Krichever-Novikov equation. A proof of Proposition [2] is sketched in [10J. 

Proposition 2 ([TO]). For any ei,e 2 ,e 3 G C, consider the Krichever-Novikov equation 

/■m\ 3m L , {u - ex)(u - e 2 ){u - e 3 ) , , 

(10) u t = u xxx --— + -, u = u{x, t). 

Let £ be the infinite prolongation of this equation. Let a G S. Then 

• the algebra F°(£,a) is zero, 

• for any p > 2, the kernel of the surjective homomorphism ¥ p (£,a) — > F 1 (£,a) from (J6]) is 
nilpotent, 

• if e\ 7^ e 2 ^ e 3 ^ e±, then the algebra F 1 (£,a) is isomorphic to 9^ ei)e2je3 . 

Remark 2. The proof of Proposition [2] uses the well-known fact that the Krichever-Novikov equa- 
tion possesses an so 3 -valued zero-curvature representation parametrized by the above-mentioned 
curve. 

Remark 3. As has been said above, if the functions F l in ([T|) do not depend on x, t, then the 
algebra ¥°(£,a) is isomorphic to a certain subalgebra of the Wahlquist-Estabrook prolongation 
algebra for ([T]). 

The algebras ¥ p (£, a) for p > 1 cannot be obtained by the classical Wahlquist-Estabrook prolon- 
gation method, because the definition of ¥ p (£, a) uses gauge transformations, while the Wahlquist- 
Estabrook prolongation method does not consider gauge transformations. 

According to Proposition |2j for the Krichever-Novikov equation we have ¥°(£,a) = and 
dim¥ p (£,a) — oo for p > 1. It is easy to show that the classical Wahlquist-Estabrook prolon- 
gation algebra is trivial for the Krichever-Novikov equation. Thus in this example the algebras 
¥ p (£, a) are much more interesting than the Wahlquist-Estabrook prolongation algebra. 

As another example, consider the system 

(11) S t = (S^ + 1(S S ,S X )S)+~(S,RS)S X , (S,S) = 1, 

where S = (s 1 (x, t), . . . , s n (x, t)) is a column-vector of dimension n > 3, (-, •) is the standard scalar 
product, and R = diag(ri, . . . , r n ) is a constant diagonal matrix with ^ rj for i ^ j. 
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This system was introduced in [TJ. According to [7], for n = 3 it coincides with the higher 
symmetry (the commuting flow) of third order for the Landau-Lifshitz equation. Thus ( TTT|) can be 
regarded as an n-component generalization of the Landau-Lifshitz equation. 

The paper [TJ considers also the following algebraic curve 

(12) A- - \) = rj -n, i,j = l,..., n, 

in the space C n with coordinates Ai, . . . , \ n . According to [7J, this curve is of genus 1 + (n — 3)2 n ~ 2 , 
and system (fTTj) possesses a zero-curvature representation parametrized by points of this curve. 

System (II ip has an infinite number of symmetries, conservation laws [7], and an auto-Backlund 
transformation with a parameter [TJ. Soliton-like solutions of (iTTj) can be found in [TJ. In [T5] 
system (fTTj) and its symmetries are constructed by means of the Kostant-Adler scheme. 

For system (fTT|) . the structure of the Lie algebras F p (£, a) is described in [T2]. According to [T2] . 
for each p the 'main part' of ¥ p (£, a) is the infinite-dimensional Lie algebra of certain so nj i-valued 
functions on the curve (1121) . Here so ni i is the Lie algebra of the matrix Lie group 0(n, 1), which 
consists of linear transformations that preserve the standard bilinear form of signature (n, 1). 

The algebras ¥ P (S, a) for ( II ip contain also some solvable ideals and finite-dimensional semisimple 
ideals (see [12] for details). 

Remark 4. As has been said above, for equations ([TJ, (jHJ), (fTOjl . ( fTTj) the algebras F p (£, a) contain 
some nilpotent or solvable ideals. The explicit structure of these ideals is not completely clear. 

For the main applications to Backlund transformations, it is sufficient to know that these ideals 
are solvable. In particular, to prove Proposition [4] about Backlund transformations, we use the 
quotient algebras F p (£, a) /I, where X is the sum of all solvable ideals of F p (£, a). So the explicit 
structure of solvable ideals of F p (£, a) is not needed for such results. 

Remark 5. Combining ([2]) with ([TJ, we get 

i=i i=i 

where 



l....,m, 14 i=l,. ..,m, 

fc>0 fc>0 



are the total derivative operators corresponding to ([T]). Using (J2J) and ( TT3"j) . one obtains that the 

. _ . 9 2 W7 J d 2 w j . . . 
identity = is equivalent to 

oxot otox 

(15) E ^ + A(a^) =t^ + i — 1) • • • j 9- 

j=i i=i 

System (j2J) is called compatible modulo if equations ( 1151) hold for all values of the variables x, t, 



Let p G Z> be such that 



Then equations (Tl5|) imply 

dp 



Vs>p, Vi = l,...,m, Vj = l,...,g. 



Vr>p + d— 1, Vz = 1, . . . , m, Vj 
aw* 
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Remark 6. In the case when m = 1 and the functions F l , a\ ft do not depend on x, t, the 
problem to describe compatible systems of the form 

w x = a^w 1 , . . . ,w g ,u,u x ,u xx , . . .), 

(16) 

w\ = /3 J (w ,...,w q ,u,u x ,u xx ,...), 
w i = w i(x,t), j = l,...,q, u = u 1 . 

was studied in [8]. 

In the case when ([T]) is either the Burgers or the KdV equation, the problem to describe com- 
patible systems of the form ([IB]) was also studied in [BJ. However, gauge transformations were not 
considered in [BJ. Because of this, the paper [BJ had to impose some additional constraints on the 
functions a- 7 , ft in (fl6|) . 

1.2. Necessary conditions for existence of Backlund transformations. Let ¥(S,a) be the 
inverse (projective) limit of the sequence 0BJ. Then F(£,a) is a Lie algebra, and we can consider 
the following topology on ¥(£, a). 

Since ¥(£,a) is the inverse limit of ([BJ, for each k G Z> we have the natural surjective homo- 
morphism pk : ¥(£, a) — > ¥ k (£, a). The subsets p^ {v) C ¥(£, a) for t> G ¥ k (£, a) and G Z> form 
a base of the topology on ¥(£, a). 

Remark 7. Let L be a Lie algebra endowed with the discrete topology. Then a homomorphism 
¥(£, a) — > L is continuous iff it is of the form F(£, a) F fe (£, a) — )• L for some A; G Z> and some 
homomorphism F fc (£,a) — >■ L. 

It is shown in [TU] that the algebra ¥(£, a) has some coordinate-independent geometric meaning. 

A Lie subalgebra H C ¥(£, a) is said to be tame if there are k G Z>o and a subalgebra f) C F fc (£, a) 
such that H = p^T 1 (Jj) . Note that the codimension of H in F(£, a) is equal to the codimension of f) 
inF fc (£,a). 

Remark 8. It is easily seen that a subalgebra H C F(£, a) is tame iff if is open and closed in 
¥(£, a) with respect to the topology on ¥(£, a). 

The following result is proved in |1U] . 

Proposition 3 ([IB])- Let £\ and £2 be evolution PDEs. Suppose that £\ and £2 are connected by 
a Backlund transformation. Then for each i = 1,2 there is a point ai G £% and a tame subalgebra 
Hi C ¥(£i, dj) such that 

• Hi is of finite codimension in ¥(£i,cii), 

• H\ is isomorphic to H2, and this isomorphism is a homeomorphism with respect to the 
topology induced by the embedding Hi C F(£j,aj). 

In fact the preprint [TU] contains a more general result about PDEs that are not necessarily 
evolution. 

Proposition E] gives a necessary condition for two given evolution PDEs to be connected by a 
Backlund transformation (BT for short). Using Proposition [31 one can prove non-existence of BTs 
for some PDEs. 

For example, the following result is obtained in [9] by means of this theory. For any e\, e2, e^ G C, 
consider the Krichever-Novikov equation 

(17) KNfa, «,,«,) = L = M „ - f £ + e ' )( " - eM "- €3 \ « = «(»,«) 

^ z u x u x 

and the algebraic curve C{ei,e2,e^) = |(z, y) G C 2 y 2 = (z — e%)(z — e2){z — es)|. 
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Proposition 4 Q9J). Let ei, e 2 , e 3 , e[, e 2 , e' 3 G C be such that C{ 7^ ej and e- 7^ e'j for all i 7^ j. 

If the curve C(ei,e 2 ,e 3 ) zs not birationally equivalent to the curve C(e' 1 ,e 2 ,e 3 ), then the equation 
KN(ei,e 2 ,e 3 ) is not connected with the equation KN(e' 1 , e 2 , e 3 ) by any Bdcklund transformation. 

Also, if e\ 7^ e 2 7^ e 3 7^ e 1; i/ien KN(e 1 ,e 2 ,e 3 ) is not connected with the KdV equation by any 
BT. 

Similar results are proved in [5] for the Landau-Lifshitz and nonlinear Schrodinger equations as 
well. 

BTs of Miura type (differential substitutions) for (fT7j) were studied in [16]. According to [TB] . 
the equation KN(ei, e 2 , e 3 ) is connected with the KdV equation by a BT of Miura type iff ej = ej 
for some % 7^ j. 

The preprints 0, [10] and Propositions [3j H] consider the most general class of BTs, which is much 
larger than the class of BTs of Miura type studied in [16] . 

1.3. Conventions and notation. The following conventions and notation are used in the paper. 

All manifolds, functions, vector fields, and maps of manifolds are supposed to be complex- 
analytic. 

The symbols Z >0 and Z> denote the sets of positive and nonnegative integers respectively. 

2. Coverings of (1 + 1)-dimensional evolution PDEs 
2.1. Coverings and gauge transformations. Consider an evolution system of PDEs 

(18) — = F\x,t,u 1 ,...,u m ,u 1 1 ,...,uT,...,u 1 d ,...,uJ), 

d 

u l = u l (x,t), ul = -^, i = l,...,m. 

Recall that the infinite prolongation £ of (1181) is the infinite-dimensional manifold with the coordi- 
nates x, t, u\ for k G Z> . Here Uq = u\ 

In what follows, when we consider a function of the variables u l k , we always assume that the 
function may depend only on a finite number of these variables. The total derivative operators D x , 
D t given by formulas ( jT4l) are viewed as vector fields on the manifold S. 

Suppose that a system 

w{ = oPiw 1 , . . . , w q , x, t, wL . . . ), 

(19) . k J 

w\ = (3 ] (w , . . . } w q ,x,t } ul,. . .), 

irf = w 3 (x,t), j = l,...,g, 

is compatible modulo ( IT8|) . 

Let W be the manifold with coordinates w 1 , . . . , w q . Then the expressions 

d 



(20) A = J2^(w\...,w q } x,t,ul...) 



(21) J B = ^^'( W 1 ,...,^,x,t,^,...)^- 

can be regarded as vector fields on the manifold S x W. 

The compatibility condition ( TT5|) of system (|T9|) is equivalent to the equation 

(22) D x {B)-D t (A) + [A,B] = 0, 
where D X (B) = D *(P')jTl and D t( A ) = ELi D t (a^ ° 
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If system (fl9l) is compatible modulo ({TBI , then (1T9l is called a covering of (fTBj) . Covering ( 119]) 
is uniquely determined by the vector fields A, £> given by formulas (120|) . (}2~Tj) . 

Remark 9. This definition of coverings is a particular case of a more general concept of coverings 
of PDEs from [21 [13]. 

A covering f fl9|) is said to be o/ order not greater than p G Z> if the functions a J may depend 
only on the variables w l , x, t, u\ for k < p. In other words, covering (1T9"j) is of order < p iff the 
vector field (120]) satisfies 

(23) — = Vs>p, Vi = l,...,m. 



If ( 1231) holds, then equation ( 1221 implies 

(24) 7TT = Vr>p + d-l, Vz = l,...,m. 



As has already been said in Section 11.11 a gauge transformation is given by an invertible change 
of variables 

(25) x^x, t^t, u£ w ] ^ ^(w 1 ,...,'ix; 9 ,x, j = l,...,g. 
Substituting ( 125|) to (1T9]) . we obtain a system of the form 

= d J (w\ . . . ,w q ,x,t,u l k , . . . ), 

(26) . ~ • i 

Wl = /3\w ,...,W 9 ,X,t,Mfe,...), 

w J = w 3 (x,t) } j = l,...,q. 



Covering ( 1261) is said to be gauge equivalent to covering ( Tl9j) if ( 1261) and ( 1191) are connected by a 
gauge transformation ( 1251 . 



Example 1. Consider a scalar evolution equation 

d k u 



dx k 



(27) u t = F(x,t,u,ui, . . . ,u d ), u = u(x,t), u k 

d d 

Then D x is given by the formula D x = — — h y\ >n Uk+\-z — , where u = u. 

OX - OUk 

Let q = 1 and w = w 1 . Consider a covering 

(28) w x = a(w,x,t,u ,ui,...), w t = /3(w, x, t, u Q , u x , . . . ). 

We want to determine how covering (T28]) changes after a gauge transformation of the form 



dg 

(29) x i — y x, t h- t, Uk ^ Uk, w ^ g(w, x,t,u ,ui), 7—7^0. 

We need to substitute g(w,x,t,uo,ui) in place of w in equations ( 1281) . The result is 

<9g „ dg dg dg . 
^-r • + — + Mi + m 2 = a(g, a;, t, w , u h ...), 

/„„s aw ax ouq du\ 

dg „ dg dg dg 

• w t + — + ^ «t + ^ u xt = p(g, x, t, u , u u . . . ), 

dw dt du dui 

g = a(w,x, £,%,«!). 
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Since u t = F and u xt = D X (F) due to equation (127)1 . system (!30|) can be written as 

1 / dg dg dg 
w x = — ^a(p,x,t,u , «i, ...J - ^ «2 

(31) 



du\)'' 



1 fat + ^ dg dg dg 

w t = —[p{g,x,t,u ,ui, . . .) - — - F— D X (F) — 

g w \ at ouq oui 



g = g(w,x,t,u ,ui), 



dg 
dw 



Thus, applying the gauge transformation (129]) to covering (|28|) . one obtains covering (131]) . 



Return to the general case of system ( 1181) and covering (1191) . Suppose that ( 1261) is obtained 
from (fT9l) by means of a gauge transformation ( 1251) . Let us present explicit formulas for the 
functions cP, /3 J from (l2"Er) . 

In order to apply the gauge transformation ([2"5]) to covering (fT9l . we need to substitute 
g^(w l , . . . , u/ 9 , x, t, M;, . . . ) in place of in equations ( IT9I) . The result is 



9 do 3 ' 

^diF - ^ + ^(^) = a J (g 1 ,... } g g } x } t } u l k} ...), 

r=l 
Q 



E 

r=l 



# J = g 3 (w ,...,w q ,x,t,u},...), j = l,...,q. 

Therefore, applying the gauge transformation (125]) to system ffT9]) . we obtain the system 



("1 




(dg 1 

dw 1 




-1 

( 


w 




[ dg" 
Xdw 1 ' 






/ w t\ 


\- 


dw 1 


V \ 


-1 

( 


\w?J 




Vd™ 1 • 







^(g 1 ,-. .,g q ,x,t,u 



^(g 1 , . . . , g q , x, t, u\, 
[g 1 ,...,gi,x,t,ui, 



,y j • • • j y 5 ? ? "fc) 
Hence the functions a 3 ', ft from ( 1261) are given by the formulas 



(32) 



(33) 



a 



(dl_ 

dw 1 




-1 

■1 


(ot\g\. 


■■,9 q , 


x, t, u k , 


dg" 
\ dw 1 

/dg 1 
dw 1 


<9<? 9 , 
dw"/ 

daL\ 

dw" 


-1 


W{g\. 


■■,9 q , 
■■,9 q 


x, t, u k , 




dg" , 
dw" / 




\ft{g\. 


■■,9 q 


x, i, u l k , 



- D x (g l 

- D x (g« 

- Dtig 1 

- D t (g q 

- D x (gi 

- D x (g q 

- AG? 1 

-D t (gi 



9° = 9 J (w } ... } w q ,x } t } u],...), 



Let W be the manifold with coordinates w , . . . , w q . Formulas (J25l) determine the diffeomorphism 



G*(x) 



G*{t) =t, 



(34) G: 8 x W -> 8 x W, 

(35) G*(w j ) = g^w 1 , . . . ,w q ,x,t,u}, . . 
where G* is the pull-back map corresponding to the diffeomorphism G. 



G*(u\ 



a 



ki 
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d ~ ~ d 

According to (j32j), P]h (|33), (j55), for the vector fields A = J2 j= i & and 5 = ^« /3 J — 
we have 

+ i) = A + A, G?,(A + S) = A + S, 

where is the differential of the diffeomorphism G, and the vector fields A, B are given by (1201) . 
(ED- 

To simplify notation, we identify w 3 with w 1 . A gauge transformation given by ( j25l) will be 
written simply as 

. . . ), j = l,...,g. 



2.2. Normal forms of coverings with respect to the action of gauge transformations. 

Recall that W is the manifold with coordinates to 1 , . . . , w q . 

It is convenient to say that a covering is given by vector fields D x + A, D t + B on the manifold 
£ x W, where A, B are of the form ( |20|) . ( |2lT) for some functions a- 7 , /3 J and satisfy ( |22l) . Note that 
equation ( |22i) is equivalent to [Z^ + A, D t + 5] = 0. 

Recall that a covering is of order < p iff A, B satisfy fT25|) . (|24|) . 

We want to find a normal form for coverings with respect to the action of the group of gauge 
transformations. Consider first the case m — 1, and set u = u l . Thus the coordinates on 8 are x, 
t, Uk, k e Z> . 

A point a G £ is determined by the values of the coordinates x, t, Uk at a. Let 

a = (x = x , t = t , u k = a k ) E £, x , t , a k E C, k E Z> , 

be a point of £. 

Remark 10. Let F be a function of the variables x, t, Uk- Let s E Z>o. Then the notation 

F 

means that we substitute Uk = ak for all k > s in the function F. 

Also, sometimes we need to substitute x = x or t = t . For example, if F — F(x, t, u , Ui, u 2 , u 3 ), 
then 

F = F(x ,t,u ,u 1 ,a 2 ,a 3 ). 

x=xo, u-^=a^, k>2 

Theorem 3. Fix a covering of order < p. For any b E W , on a neighborhood of (a,b) E £ x W 
there is a unique gauge transformation 

(36) w 3 i->g 3 (w 1 ,...,w q ,x,t,Uo,Ui,...), j = l,...,q, 

such that 

• the transformed vector fields D x + A, D t + B satisfy for all s > 1 

dA 



(37) 

(38) 
(39) 

(40) 



A 



0. 



B 



u k =a hi fc>0 
x=xq, u k =a k , k>0 



one has 



w 



j 



x=xq, t=to, Uk=a,k, fc>0 



j = l,...,q. 
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Moreover, this gauge transformation obeys 

(41) |£ = \/k>p, J = l,...,q, 
and the transformed covering is also of order < p. 

Proof. Suppose that the initial covering is given by vector fields D x + A, D t + B, where A, B do 
not necessarily satisfy (157)) . ( 1551) . (159)) . 

We are going to construct a gauge transformation of the form (1551) . (14111) . (14"Tj) such that the 
transformed vector fields D x + A, D t + B will satisfy ([38]), (1591), and (157)) for all s > 1. 

We are going to construct the required gauge transformation in several steps. First, we will 
construct a transformation to achieve property (1571) . then another transformation to get proper- 
ties (157)) . (1581 . and finally another transformation to obtain all properties (157)) . (1581 . (159)) . 

Let us first prove that after a suitable gauge transformation one gets (157)) for all s > 1. 

Since the covering is of order < p, equation (157)) is valid for all s > p. Let n 6 {1, . . . ,p} be 
such that (1571) holds for all s > n + 1. It is easily seen that this property is preserved by any gauge 
transformation of the form 

(42) w 3 H> g 3 {w l , . . . ,w q ,x,t,u , . . . ,w n _i), j = l,...,q. 

Therefore, if we find a gauge transformation (142)) such that after this transformation we get ([5 
for s = n, then we will get (157)) for all s > n. 
One has 



dA 



du 



n 



d 

= ^2c j (w\. . . ,w q , x, t,u ,..., u n _i) — 

u k =a k> k~>n j=l 



for some functions cP{w x , . . . , w q , x, t, u , . . . , w„_i). Consider the system of ordinary differential 
equations (ODE) with respect to the variable 

, ~ ff'iw 1 , . . . , w g , x, t, M , • • • , Un-t) = c'ig 1 , . . . , g g , x, t, u , . . . , M„-l), 
du n -i 

3 = 1, • • • , q, 

for unknown functions g 3 . Here w 1 , . . . , w q , x, t, uo, ■ ■ ■ , m„_2 are regarded as parameters. A local 
solution of this ODE with the initial condition 

^(w 1 ,...,w <7 ,x,t,M ,...,M ri -2,a n _i) =w J , j = l,...,q, 

determines transformation ( 142)) such that after this transformation we get ( 157)) for all s > n. Using 
induction, we obtain that, after a suitable gauge transformation, property ( 1571) is valid for all s > 1. 
Clearly, property (157)) is preserved by any gauge transformation of the form 

(43) w j ^ g j (w\... lW q ,x,t), j = l,...,q. 

Let us find a gauge transformation of the form (145)) such that after this transformation we get (15H1) . 
We have 

u k =a k , k>0 ^— ' OTW 3 

for some functions ^(w 1 , . . . , w 9 , x, t). Consider the ODE with respect to the variable x 
^9 3 (w\ ...,w q ,x,t) = h 3 (g l , . . .,g q ,x,t), j = 1, . . .,q, 

where w 1 , . . . , w q , t are treated as parameters. Its local solution with the initial condition 

g 3 (w 1 ,...,w 9 ,x ,t) = w 3 , j = l,...,q, 



A 
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determines the required transformation (1431) . 

Properties (1371) . (|38|) are preserved by any gauge transformation of the form 

(44) w j ^ g j (w\...,w q ,t), j = l,...,q. 

One has 

d 



B 



x=xq, iifc=ctk, fc>o ' dw-i 
i=i 



for some functions f^w 1 , . . . , w 9 , £). Consider the ODE with respect to t 

^(ti; 1 ,... ) «; 9 ,0 = / i (5 1 ,---.^.*), i = !.-••, 9. 
where tu 1 , . . . ,w q are viewed as parameters. Its local solution with the initial condition 

jp(w 1 ,...,w 9 ,to)=w 3 , j = l,...,q, 

determines a gauge transformation of the form 044|) such that the transformed vector field D x + B 
satisfies (J3"9]) . 

Thus we have found a gauge transformation of the form ( 1361) , ( 1401) , ( 14T|) such that the transformed 
vector fields D x + A, D t + B obey (|38|) . (I39I) . and (1371) for all s > 1. Since we have applied this 
transformation to a covering of order < p, equation (I4TI) implies that the transformed covering is 
also of order < p. 

It remains to prove uniqueness of such a gauge transformation. 

Consider a covering given by D x + A, D t + B such that A, 5 satisfy (!38|) . (!39|) . and (l3~Tj) for all 
s > 1. Consider a gauge transformation of the form 



= ^ J , j = 1, ■■■,9, 



such that, applying this transformation to D x + A, D t + B, we get vector fields D x + A', D t + B', 
where A', B' obey properties ( l3Tj) . (|38|) . ( )39|) as well. 
We need to show that 

(45) Vj |^ = VA;GZ> , 



(46) V, £ = 0, 

(47) Vj ^- = 0. 



Suppose that (1451) does not hold. Let Z be the maximal integer such that — — 7^ for some j. Then 

dui 

it is easily seen that A' does not satisfy (|37j) for s = / + 1. 

If (USD is valid and (J46]) is not, then A' does not obey ([38]). Finally, if (jl5]) . (145jl hold and (11?]) 
does not, then B' does not satisfy (|39l) . □ 

Return to the case of arbitrary m and the coordinate system x, t, u\ for £. Let 

(48) a = (x = x , t = t , u\ = a l k ) G £, x , t , a\ G C, i = l,...,m, k G Z> , 

be a point of £. We want to obtain an analog of Theorem [3] for arbitrary m. 
Consider the following ordering ^ of the set {1, . . . , m} x Z>o 

i, i' G {1, . . . , m}, k, fc' £ Z> , kj^k', 
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(49) (i, k) ■< (i/, k') iff k < k', (i, k) -< (i', k) iff % < i'. 

That is, (1, 0) -< (2, 0) -< < (m, 0) -< (1, 1) -< (2, 1) -< . . . . 

As usual, the notation k\) y (*2 5 k 2 ) means that either (ii, k\) y (i 2 , k 2 ) or (ii, ki) = (i 2 , k 2 ). 

Remark 11. Let F be a function of the variables x, t, u\. Let i' G {1, . . . , m} and A;' G Z> . Then 
the notation 

F 

u\=a\ \f (i,k)y(i> ,k') 

says that we substitute u\ = a\ for all (i, k) y (i', k') in the function F. 
Similarly, the notation 

F 

x=xo, Wj,=a| V {i,k)y(i' ,k') 

means that we substitute x = xq and u\ = a\ for all (i, k) y (i', k') in F. 

Theorem 4. Fix a covering of order < p. For any b G W , on a neighborhood of (a,b) G £ x W 
there is a unique gauge transformation 



w J i->g 3 (w 1 ,...,w q ,x,t,u\, ...), 



(50) 
such that 

• the transformed vector fields D x + A, D t + B satisfy for all i$ 

dA 



3 = 1> •••>?> 



m and LgZ 



>o 



(51) 

(52) 
(53) 



9m 



feo 

.4 



0. 



u k =a k V(i,fc)v(i ,feo-l) 



0. 



5 



?4=a l fe V(i,fc)^(l,0) 
x=a!Q, u*=a* V(i,fc)b(l,0) 



one has 



(54) 



<7 J 



(55) 



x=x , t=t , u\=a\ V(i,fc)h(l,0) 

Moreover, this gauge transformation obeys 



<9ni 



Vfc>p, 



1, . 



,m, 



and t/ie transformed covering is also of order < p. 

Proof. Note that for m = 1 this theorem is equivalent to Theorem [3j 

Suppose that the initial covering is given by vector fields D x + A, D t + B, where A, B do not 
necessarily satisfy ( l5~Tj) . (|52|) . ( 153]) . Since the covering is of order < p, we have (j23l . 

Similarly to the proof of Theorem [3j we are going to construct a gauge transformation of the 
form (EOD, dMD, (ESD such that the transformed vector fields D x + A, D t + B will satisfy (152]) . (153]) . 
and (ISTj) for alH — 1, • • • > m an d £ ^>o- 

Let us first prove that after a suitable gauge transformation one gets property (15 ip for all 
z'o = 1, . . . , m and fco G Z >0 . 

Let (?', fc') be the minimal element with respect to the ordering (j4~9]) such that property fl5"Tj) 
holds for all (io, fco) >~ (^', k'). The minimal element exists, because A obeys fl23|) . 

If fc' = 0, then floTl) is valid for all io — 1, . . . , m and k G Z >0 . 

Consider the case fc' > 0. We have 



(56) 



OA 



4=4 v(i,fc)^(i',fc'-i) 



^ c j (w\...,w q ,x,t, <,...) 



9 
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for some functions c\ which may depend on the following variables 

(57) w\...,w q , x, t, <, =< (i'.fc'-l). 
Let us find a gauge transformation of the form 

(58) w 3 ^> g 3 (w 1 ,...,w q ,x,t,v% 1 ,...), j = l,...,q, 

such that after this transformation we get property (l5"Tj) for all (io,k ) >z (i',k f ). We assume that 
functions g 3 in ( 15 8 p may depend only on the variables (I57p . 

It is easy to check that such a transformation must satisfy the equations 

d ■ 

( 59 ) ~E~T> — 9 3 (w\. . . ,w q ,x,t,u^,. . .) = c?{g ,...,g q ,x,t,u^,...), j = l,...,q. 

au k'-i 

We regard ( 159]) as a parameter-dependent system of ordinary differential equations (ODE) 
with respect to the variable u\,_ x and unknown functions g 3 , where w 1 , . . . ,w q , x, t, u^ 2 for 
(z 2 , k 2 ) -< (i', k' — 1) are viewed as parameters. 

Since we are interested in gauge transformations satisfying ( 154"|) . we choose the following initial 
condition for this ODE 



(60) g 3 



w 3 , j = l,...,q. 



Then g , . . . , g q are defined as a solution of the ODE (|59l) with the initial condition (!60l . 

By induction with respect to the ordering ( 1491) . we obtain that, after a suitable gauge transfor- 
mation, property (l5Tj) is valid for all i = 1, . . . , m and k G Z >0 . 

The other properties are proved similarly to the proof of Theorem [21 □ 

For each n G Z>o, let M. n be the set of matrices of size m x (n + 1) with nonnegative integer 
entries. For a matrix 7 G M. n , its entries are denoted by 7^ G Z> , where i = l,...,m and 
k = 0, ... ,n. Let £/ 7 be the following product 



(6i) u^= f[ (4-4) 



Ilk 



i=l,...,m, 
fc=0,...,ra 



For each i = 1, . . . , m and k = 1, . . . , n denote by M™ ko C M. n the subset of matrices a 
satisfying the following conditions 

(62) a io k = 1, Vk>k Vz = 0, Vii ^ i a hko = 0, Vz 2 > io a i2iko - 1 = 0. 

In other words, for each k > ko the /c-th column of any matrix a G M™ fco is zero, the fco-th column 
contains only one nonzero entry ai k = 1, and in the (ko — l)-th column one has ai 2 ^ -i = for 
all ii > io- 

Consider a covering of order < p given by vector fields D x + A, D t + B. Let b G W 7 . We are 
going to study the structure of this covering on a neighborhood of the point (a, b) G £ x W . 

Recall that the vector fields A, B satisfy (|2"5|) . (I24p and are analytic, according to the convention 
from Section IT751 Therefore, taking a sufficiently small neighborhood of (a,b), we can assume that 
A and B are represented as absolutely convergent series 

(63) A= (x-Xo) h (t-to) h -U a -A l ^ l \ 

aeMp, h,h&>o 

(64) B= {x-xo) h {t-to) h -U^By\ 
where A 1 ^ 12 , B 1 ^ 1 ' 2 are vector fields on W . 
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Remark 12. According to Theorem [4j after a suitable gauge transformation we get proper- 
ties (|52|) . (|53|) . and (joTj) for alHo = 1, • • • , m and k G Z >0 . Using formulas (|63|) . (I64|) . we obtain 
that these properties are equivalent to 

(65) 4'' 2 = S '' 2 = 0, 4'' 2 = 0, aeMf oM , z = l,...,m, k = l,...,p, h,l 2 eZ> . 
2.3. The algebras F p (£,a). 

Remark 13. The main idea of the definition of the Lie algebra ¥ P (S, a) can be informally outlined 
as follows. According to Theorem H] and Remark [T2], any covering of order < p is locally gauge 
equivalent to a covering given by vector fields A, B that are of the form (1631) . (1611) and satisfy (1221) . 

To define ¥ p (£,a), we regard A 1 ^ 12 , Bp' 12 from (1631 . (JMJ) as abstract symbols. By definition, the 
algebra ¥ p (S,a) is generated by the symbols A 1 ^ 12 , B 1 ^ 12 for a G M p , (3 G M p+ d-i, h,h £ ^>o- 
Relations for these generators are provided by equations (li2"2"j) . (16B1) . The details of this construction 
are presented below. 

Let # be the free Lie algebra generated by the symbols A^'' 2 , B^ 1 '' 2 for a G Ai p , f3 G M. p +d-i, 
l\,h G Z> . In particular, we have 

A^ 2 G 3, B^ 2 G & [A^ 2 ,B^ 2 ] G J Va G M p , V/3 G M p+d _i, V/x,/ 2 G Z> . 
Consider the following power series with coefficients in $ 

A= (x-x ) ll (t-t ) 12 -U a - A 1 ^ 2 , 

aeMp, h,he%>o 

B= {x-x Q ) h {t-t,) l2 -U^BY 2 . 

For any a G Ai p , (3 G Ai p + d -i, h,h £ ^>o, the expressions D x ((x — Xo) ll (t — t ) i2 ^) and 
D t [{x — x ) ll (t — t ) l ' 2 U a ) are functions of the variables x, t, u\. Taking the corresponding Taylor 
series at the point (I48p . we regard these expressions as power series. Let 

D X (B) = D x ((x-x ) h (t-t ) l2 U^-By 2 , 
A (A) = J2 D t{{x - x ) h (t - t ) l2 U a ) ■ A^' 2 , 

aeMp, h,he%>a 

[A,B]= Yl (x - x ) h+l 'i(t - t ) l2+l ' 2 ■ U a ■ ■ [Ay 2 ,Bf 1 ' 2 ]. 



We have 



A,(B) - A (A) + [A, B] = Yl ( x - ^o)' 1 ^ " ^ • W ■ Z V 2 

for some elements Z^ 1 '' 2 G 

Let J C $ be the ideal generated by the elements 

ZY 2 , A^ 2 , B^ 2 , jeM p+d} h,heZ>p, 

A l Y 2 , a G Mf Qjfco , z = l,...,m, fco = l,...,p, l u l 2 
Set F p (£, a) = ^/J. Consider the natural homomorphism p: $ — )■ = F p (£, a) and set 

A^ 2 =p(A^ 2 ), B^ 2 =p(B^ 2 ). 
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The definition of 3 implies that the power series 

(66) A= (x-x ) h (t-t ) h ■U a -K l ^ l \ 

aeMp, h,iaeZ> 

(67) B= Y (x-x ) h (t-t ) h ■ U fi -Mf h . 
satisfy 

(68) D X (M) - D t (A) + [A, B] = 0. 

Remark 14. The Lie algebra ¥ P (S, a) can be described in terms of generators and relations as 
follows. 

Equation ([6"B1 is equivalent to some Lie algebraic relations for A^'' 2 , B^ 1 '' 2 . 

The algebra ¥ p (S,a) is given by the generators A^'' 2 , B^ 2 , the relations arising from f)68p . and 
the following relations 

(69) Ag 1 '' 2 = Bq ' 2 = 0, A^ 2 =0, «eMf ofco , i = l,...,m, fc = l,...,p, Zi,Z 2 eZ> . 

Recall that an action of a Lie algebra £ on a manifold W is a homomorphism from £ to the Lie 
algebra T>(W) of vector fields on W. 

Let W\, W2 be manifolds, and p$ : £ — > T>(Wi) be an action of £ on Wi for % = 1,2. A morphism 
connecting the actions p^: £ — >■ P(Wj), i = 1,2, is a map <p: W\ — > W2 such that for any F e £ 
one has <p*(pi(F)) = P2(F), where <p* is the differential of <p. 

Suppose that we have an action of ¥ p (£, a) on a manifold W given by 

A a'' 2 ^ ^L 1 '' 2 e ®^ 2 ^ #J'' 2 e £W 

such that the corresponding power series (16"3"|) . (16H) are absolutely convergent on a neighborhood 
of a. Then from fl68|) it follows that (1631) . fl64"j) satisfy fl22|) and, therefore, determine a covering. 
Combining this construction with Theorem H] and Remark [T2l we obtain the following result. 

Theorem 5. Any covering of order < p on a neighborhood of a G S is locally gauge equivalent to 
the covering arising from an action of the Lie algebra ¥ P (S, a). 

For a fixed covering of order < p, the corresponding action of¥ p (S,a) is defined uniquely up to 
a local isomorphism. 

Suppose that p > 1. Since any covering of order < p — 1 is at the same time of order < p, we 
have the surjective homomorphism ¥ p (S,a) — > ¥ p ~ 1 (S,a) that maps the generators 

B^ 1 '' 2 , 3 i' Pi', p +d-i 7^ 0) 

to zero and maps the other generators of ¥ P (S , a) to the corresponding generators of ¥ P ~ 1 (S , a). 
Thus we obtain the following sequence of surjective homomorphisms of Lie algebras 

(70) > ¥ p (£, a) -> F^ 1 ^, a) -> > ¥\S, a) -> F°(£, a). 

3. The homomorphisms F p (£,a) F p_1 (£, a) and ¥ p (S ,a) -»■ F°(£,a) for KdV type 

EQUATIONS 

In this section we study the algebras ([70]) for equations of the form 

(71) u t = u xxx + f(u,u x ) } 
where / is an arbitrary function. 
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Set u = u and u k = Tn~ f° r k ^>o- Let £ be the infinite prolongation of equation (ITU). Then 

ox k 

£ is the infinite-dimensional manifold with the coordinates x, t, u k , k G Z>o- 
For equation ( JTB . the total derivative operators ( fl4l) are 

(72) Dl = l + ^ UM JL A = | +E ^ ( „ 3 + /Kmi) )^. 

fc>0 fc>0 

Consider an arbitrary point a G £ given by 

(73) a = (x = x , t = t , Uk = a k ) G £, x , to, o-fc G C, /c G Z> . 

Since equation (JTTj) is invariant with respect to the change of variables x i— >■ x — Xo, t h- > t — t , we 
can assume x = to — 0. 

According to Section 12.31 the algebra ¥ p (£ , a) is described as follows. Consider formal power 
series 

(74) A= Yl xhtl2 ( u o-a ) io ...(u p -a p ) i ^^ l X, 

h,h,io,~,ip>0 

(75) B = x h &{u - a o y° . . . (u p+2 - a p+2 )^ ■ M l ^ jp+2 , 
satisfying 

(76) A l l o ' h ip = if 3re{l,...,p} such that i r = 1, i n = Vn>r, 

(77) Afc!S = VZi,Z 2 eZ> , 

(78) B°;' 2 = VZ 2 GZ> . 

Then A^' /2 ip , B^*'^ are generators of the algebra F p (£,a), and the equation 

(79) Ac(B) - A (A) + [A, B] = 

provides relations for these generators (in addition to relations ( 1761) . fl77|) . ( ITS]) ). 
Note that condition f!76|) is equivalent to 

= VsGZ >0 . 



(80 > ^: (A) 



Using ( 1721) . we can rewrite equation ( |79l) as 

d £4 ,7 ... d . ^ / x 7 



( 81 ) + E«*+i ftfC 8 ) " ^ " £ + ££(/(«o,«i))) £-(A) + [A,B] = 0. 

fc=0 fc fc=0 fc 

Proposition 5. JTie elements 

(82) A&° v Z 1 ,i ,...,i p eZ> , 
generate the algebra ¥ p (£,a). 

Proof. For each / G Z> , denote by Qi C F p (£,a) the subalgebra generated by the elements A^'^ 
with Z 2 < Z. 

Lemma 1. Let Zi, Z 2 , jo, • • • , j P +2 G Z> be such that j H h j p+2 > 0. T/ien B^'* 2 ^ +2 G 0; 2 . 
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Proof. For any j , j p+2 G Z> satisfying j -\ h j P +2 > 0, denote by p(j , j p+2 ) the maximal 

integer r £ {0, 1, . . . ,p + 2} such that j r 7^ 0. 

Differentiating ( )8T|) with respect to Wp+3, we obtain 

(83) tt^-(B) = /-(A), 



<9u 



p+2 



which implies B^ p+2 G 0; 2 for all Zi, l 2 ,j Q , . . . , j p+2 G Z> obeying p(j , . . . , j p+2 ) =p + 2. 
Let n G {0, 1, . . . ,p + 1} be such that 

(84) BV 2 ., G 0« 2 for all Z 1? Z 2 , Jo, • • -Jp+2 e z >o satisfying p(f , . . .,f p+2 ) > n. 



We are going to show that 



nil ,^2 
JO •••Jp+2 



G Q h for all Zi, Z 2 , Jo, • • • , Jp+2 G Z> satisfying p(J , • • • , J P+2 ) = n. 



For any power series C of the form 

/1 ,do ,....dfc >0 



set 



S(C) 



d 



du n+ i 



(C) 



Uk=cii., k>n+l 



That is, in order to obtain S(C), we differentiate C7 with respect to u n+ i and then substitute Uk = a& 
for all k > n + 1. 

Equation ( 1801) implies 



J5) 



(A)) = 0. 



Combining (1ST]) with (jS5j) . we get 

(86) S(D«(B)) =S^(« fe+3 + ^(/K« 1 )))^-(A)) -S([A,B]). 

^ fc=o Ufc ' 



In equation (I8"6"|) . we regard f(u ,ui) as a power series, using the Taylor series of the func- 
tion f(u ,Ui) at the point 
Using (!75|) . one obtains 



(87) S(A,(B)) 



E 



h,h,jo,--;jp+2>0, 
p(jo,-,jp+2)=n 



s ( y thD * { xh - a °y° ■ ■ • ( u p+ 2 - a p+^ 



3p+2 



JO •••Jp+2 



Jo ■■ -Jp+2 



. il^2,JOv,Jp+2>0, 

p(jo,-,j P +2)>n 



From dSQJ) it follows that S(A) = 0, which yields 



(88) S([A,B]) = S(A), 



u k =a ki k>n+l 



+ A 



u k =a k, k>n+l 



u k =a k, k>n+l 



s y xhth ^ - a °y° ■ ■ ■ ( M ?+ 2 - a v^) 3p+2 ■ B Joi 



Jp+2 



. h,h,jo,---,jp+2>0, 
p(jo,—,jp+2)>n 
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n the element 



In view of fl57J, fl55J), for any h, l 2 ,j , . . . , j p+2 <E Z> satisfying p(j , • • • , J P +2 
®Jo ,l2 ] P +2 a PP ears on ly once on the left-hand side of (155)) and does not appear on the right-hand side 
of §§]). 

Combining (155)) . ( 157)) . ( 188)) . we obtain that the element Bj^. 2 j +2 is equal to a linear combination 



of elements of the form 
(89) 



JO-Jp+2' 



i ... i p i jo- ■ -jp+2 



1' 2 < h, h < k, p(3o, ■ • ■ , Jp+2) > n. 



Obviously, for any l 2 < l 2 one has g,- C Qi 2 . Taking into account assumption 



e fl/2- 



the elements (159")) belong to g/ 2 . Hence ~ , , 
The proof is completed by induction. 

Lemma 2. For all Z 1; l 2 e Z> , one has Bq 1,Z q G 0; 2 



Proof. According to (175)) . we have 
l x > 0. 

Note that condition (177)) implies 



*o...o 



we obtain that 
□ 

0. Therefore, it is sufficient to prove Bq | q 6 g i2 for 



(90) 

In view of ( 1751) . one has 

(91) 



u k =a ki k>0 



d_ 

dt 



(A) 



0. 



<9x 



M fe =a fc , fc>0 ; 1>0j ; 2 > 



«2 . 

%..o- 



Substituting Uk = au for all k e Z> in ( 181)) and using ( l90l) . ( 19T1) . we get 



(92) Z^' 1 " 1 * 

h>0, l 2 >0 

p+2 



l 2 . raWa 
m o...o 



-(E^+1^ 

v fc=0 



(B) 



uj.=aj., fc>0 



+ (X)(«w + ^i(/(«o,«i)))^-(A) 

^ fc=0 fc 



u k =a k> k>0 



Combining (174)) . ( 175)) . (192)) . we see that for any Zi > and £2 > the element Bq ' Z q is equal to a 
linear combination of elements of the form 



(93) 



l[,l2 
Ho ■■■i v i 



AM 
J0-ip+2' 



Z 1; i , . . . , ip-, jo, ■ ■ ■ , jp+2 £ Z> , Jo + " " " + jp+2 — 1- 



d'1,'2 



According to Lemma [Hand the definition of $^ 2 , the elements (195)) belong to gi 2 . Thus Bq'q e g/ 2 . 

□ 



Lemma 3. For a// li,l,io, . . . ,i p e Z>o, we Ziai>e 



e ft- 



Proof. Using ( 171)) . we can rewrite equation (j5Tj) as 



^ (I + l)A ; (« -a r 

2i,/,io,...,i p >0 



— I 

<9x 



P+ 2 Q P fl 

+ E^^-w - E ( nfc + 3 + d "(/k«i)))^-(a) + [a, 

fc=0 fc fc=0 fc 



This implies that A'j'^ 1 is equal to a linear combination of elements of the form 



(94) 



lQ...lp 

\ ' to' 1 *' 2 

io—ip' Jo---J P +2' 



A 2 M 

10— %>> Jo ■■■Jp+2 



, Z 2 < Z, Z 2 < J, *o, ...,2p,joj--- Jp+2 e Z 



>0- 
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Using Lemmas [U [2] and the condition l 2 < I, we get B~^ 2 j p+2 e g^ C 0;. Therefore, the elements fl94|) 
belong to g,. Hence A-^t 1 eg/. □ 

Return to the proof of Proposition According to Lemmas [TJ |2] and the definition of Qi, we have 
A !o'X' B ioX+2 G 0i 2 for a11 h, k, k, ■ ■ ■ i P , jo, jp+2 e Z> . Lemma [3] implies that 

0z 2 C 0/ 2 -i C Qi 2 - 2 C ■ • • C 0o- 
Therefore, ¥ p (£, a) is equal to go, which is generated by the elements (!82|) . □ 

From (1551) it follows that B is of the form 



d 

(95) 1 = u p+2 — (A) +B (a;,t,«o, 

where B (x, t, Uo, ■ ■ ■ , u p+ i) is a power series in the variables x, t, uq — a , . . . , u p+ i — a p+ \. 
Differentiating flHTj) with respect to u p+ 2, u p+ \ and using (1951) . one gets 

^2 ^2 

a., (Bo)=0. 



dupdup du p+ \du p+ i 
Therefore, B = B (s, £, m , . . . , is of the form 
1 d 2 

(96) B = --(u p+ i) 2 -^—^—(A) + u p+1 E 01 (x,t,u , . . . ,u p ) + M 00 (x, t, u , . . . , u p ), 

where B i(x, t,uo, . . . , u p ) is a power series in the variables x, t, uo — a , . . . , u p — a p for i = 0, 1. 

a 3 

Applying the operator — to equation ([51]) and using f )95|) . (J9"6j) . we get 

9 3 

(A) = 0. 



du p du p du p 



Hence A is of the form 

(97) A = (up - a p ) 2 A 2 (x,t,u , . . . ,u p _i) + (tip - a p )Ai(x, t, tt , • • - + K(x,t,u , . . ., V-i)> 

where Aj(:c, t, Wo> • • • , Wp-i) is a power series in the variables x, t, m — a ,...,u p _i — a p _i for 
j =0,1,2. 

Equation flHUl) for s = p yields 

(98) Ai(x,t,M , • • • ,tt p -i) = 0. 
Combining (195|), (|96|), (197]), (198|), we get 

(99) B = 2u p+2 {up - a p )A 2 (x, t,u ,..., tt p _i) - (w p+ i) 2 A 2 (x, t, u , . . . , w p _i) + 

+ u p+1 M 01 (x,t,u , ...,Up) + M 00 (x } t } u , ...,u p ). 

d 2 

Applying the operator — to equation ( ISTj) . one gets 

0Up +1 0Up +1 

(100) - 2D X (A 2 ) + 2^-(B i) - 2[A , A 2 ] = 0. 

OUp 

Differentiating f llOOp with respect to u p , we obtain 

rj r\ 2 

(101) - 2- (A 2 ) + 2— — (B 01 ) = 0. 

OUp-i OUpOUp 
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Applying the operator 



5 3 



dupdu p du p+2 



4- A 2 + 

du p -i 



to equation ( I81j) . one gets 

5 



du p dup^ 01/1 dup-i ^ 2 ^ 



(102) 

Equations flTOT]) . ( 11021 imply 
(103) 

Applying the operator — — to equation ( IHTj) and using HI 03[) . we get 







(A 2 (x,t,u , . . .,u p -i)) = 0. 



dur,du 



p UU p+2 



(104) 



2D X {A 2 ) + 



_d_ 



»01; 



Mb -^2 



0. 



Combining ( 11041) with (HOOp . we obtain 

(105) D X (A 2 ) + [A ,A 2 ] = 0. 

Lemma 4. One /ias 

9 



(106) 



■(A 2 ) = 



WkeZ 



>o- 







Proof. Suppose that (11061) does not hold. Let ko be the maximal integer such that — — (A 2 ) ^ 0. 

ou ko 

From (11031) it follows that ko < p — 1. Equation flHOl for s = ko + 1 implies 

9 



(107) 



9m 



fc +i 



-(Ao) 



0. 



Uk=a-k, k>k +l 



Differentiating fl 105j) with respect to Mfc +i, we obtain 



(108) 



d 



du 



d 

(A 2 ) + (A ), A 

ou ko+1 



0. 



d 



Substituting u k = a k in (11081) for all k > k + 1 and using (11071) . one gets — — (A 2 ) = 0, which 



contradicts to our assumption. 

From (I106p it follows that equation f ll(J5j) reads 

d 



du ko 



□ 



(109) — (A 2 ) + [A ,A 2 ]=0. 
Note that condition (!77|) implies 

(110) A = 0. 

u k =a ki 

Substituting Uk = &k in (11091) for all k > and using (11061) . (1 11 01) . we get 



Combining (II lip with (I109p . one obtains 

(112) [A 2 ,A ]=0. 
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(113) 
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i ...i p -iQ 



A = ^ x^ 2 (uo - a ) i0 . . . K_i - a^O^- 1 
According to (j7JJ), flSTJ), (1T06|) . ( ITTTj) . one has 

(114) A 2 = ^2t l -A 1 , A 1 = A° i 02 e¥ p {S,a). 

l>0 

Combining (l97j) . (198|) . fll 13j) . (11 14[) with Proposition O we obtain that the elements 

(115) A , A£:° ip _ l0 , !i,io,.,!H^>o, 

generate the algebra F p (£ , a). 

Substituting t = in (fTT21) and using flTT3"|) . (HUD, one gets 

(116) [A , A^'°_ ip _ l0 ] =0 VZ lj io,...,ip-ieZ> . 
Since the elements (11151) generate the algebra F p (£,a), equation (I116p yields 

(117) [A , F p (£, a)] = 0. 
Lemma 5. One has 

(118) [A 1 , F p (£,a)] =0 VZ G Z> . 

Proof. We prove flTTgl) by induction on Z. The property [A , F p (£,a)] = was obtained in (11171) . 

d l 

Let n G Z> be such that [A z , F p (£, a)] =0 for all Z < n. Since — (A 2 ) 



8t l 



Z! - A 1 , we get 



t=o 



[119) 



t=Q 



-(A 



t=o. 



VZ < n, Vm G Z> n . 



9 



,n+l 



Applying the operator — — — to equation fll 12j) . substituting t = 0, and using fll lOj) . one obtains 



Qn+1 



dt n+l 

n+1 

= E 

*=0 fc =0 



n+1 
k 



Qk 



t=o 



Qn+l—k 



t=0. 











, A 

i=0 


t=0- 



n 



+ 1)!-A" +1 , ^ ^(wo-a r o ...( 

2i,io, •••!%>-! 



u p - x - a p A 1 ^ ■ A,' 1,0 



io...ip-iO 



which implies 

(120) [A"+\ a£;V i0 ] = o 

Equation ^TTTJ yields 
(121) 



Wi,i , ■ ■ • ,*p-i G Z 



>o- 



°,A n+1 ] = 0. 

Since the elements fll 15j) generate the algebra F p (£,a), from (I120p . fl 1 2 1 [) it follows that 
[A"+\ F p (£,a)] = 0. □ 
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Theorem 6. Let £ be the infinite prolongation of equation (1711) . Let a G S. For each p G Z>o, 
consider the homomorphism tp p : ¥ p (£,a) — > ¥ p ~ 1 (£,a) constructed in ( ITOj) . We have 

(122) [v u v 2 ] =0 Vfi G ker^ p , Vw 2 G F p (£,a). 

T/iai is, the kernel of ip p is contained in the center of the Lie algebra ¥ p (£,a). 
For each k G Z >0; let ip k : ¥ h (£,a) — > F°(£,a) be the composition of the homomorphisms 

¥ k {£, a) F fc_1 (£, a) > ¥ 1 (£, a) — > F°(£, a) 

/rom (17D|) . T/ien 

(123) [hi,[h 2 ,...,[hk-i,[h k ,h k+ i]\...]\=0 W h ly . . . ,h k+i ekerip k . 
In particular, the kernel of ip k is nilpotent. 

Proof. Combining formulas flHTJ), O, (USD with the definition of ip p : ¥ p {£,a) ->• F p_1 (£, a), we 
see that kei(p p is generated by the elements A', / G Z>o- Then (11221) follows from (11 18ft . 

So we have proved that the kernel of the homomorphism (p p : ¥ P (S, a) — > ¥ p ~ 1 (£, a) is contained 
in the center of the Lie algebra ¥ p (£, a) for any p G Z >0 . 

Let us prove fl 1 23[) by induction on k. Since tp\ = (p±, for k = 1 property (11231) follows from (11221) . 
Let n G Z >0 be such that fl 1 23[) is valid for k = n. Then for any h[, h' 2 , . . . , h' n+2 G ker?/v+i we have 

(124) [(p n+ i(h' 2 ), [<f n+1 (hf 3 ),..., [(p n+ i(h' n ), [(p n+l (h' n+l ),(p n+1 (h' n+2 )]] ...]] =0, 
because <£> n+1 (/^) G ker t/>„ for i = 2, 3, . . . , n + 2. Equation (11241) says that 

(125) [h' 2 ,[h' 3 ,...,[h' n ,[h' n+1 ,h' n+2 \]...]] ekei<p n+1 . 
Since ker tp n+ i is contained in the center of ¥ n+1 (S, a), property (1 1 2 5 1) yields 

[h[,[h' 2 ,[h' 3 ,...,[h' n , [h' n+l ,h' n+2 \] ...]]] =0. 
So we have proved fl 1 23|) for A; = n+ 1. Clearly, property H 1 2 3 1) implies that ker ^ is nilpotent. □ 

4. Relations between F°(£,a) and the Wahlquist-Estabrook prolongation algebra 
Consider an evolution system of the form 

(126) —=F\u\...,u m ,u[,..., 

u l = u\x,t), u\ = ~Q^ k i i = l,...,m. 

Note that the functions in (I126p do not depend on x, t. 
Let £ be the infinite prolongation of ( I126p . Let 

(127) a = (x = x , t = t , u k = a k ) G £, ^o, ^o, a k £ C, i = 1, . . . , m, A; G Z> , 
be a point of £. 

For each n G Z> , the set A^ n was defined Section 12.21 Recall that U 1 for 7 G is given 

I'.v m. 

The Wahlquist-Estabrook prolongation algebra of system (11261) at the point (I127P can be defined 
as follows. Consider formal power series 

(128) A = ^ f/ a • A Q , B = J2 Uf> ' % 

where A a , are elements of a Lie algebra. The equation 

(129) D X {B)- A(A) + [A,B] =0 
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is equivalent to some Lie algebraic relations for A a , B^. The Wahlquist-Estabrook prolongation 
algebra (WE algebra for short) is given by the generators A a , and these relations. A more 
detailed definition of the WE algebra is presented in [IT] . Denote this algebra by 2U. 

The algebras F p (£,a) were defined in Section [2731 In the present section we study F°(£,a). We 
are going to show that the algebra ¥°(S,a) for system (I126p is isomorphic to some subalgebra of 
2U. 

Since system (I126j) is invariant with respect to the change of variables - x > 1 i— y t — to, 

we can assume xq = to = in (I127p . According to (|69|) . one has Aq 1,/2 = B / 2 = 0. Therefore, in 
the case p = 0, the power series (1661) . (157)1 . (1681) can be written as 

(130) 

A = J] x' 1 ^ 2 ■ U a ■ A^ 2 , B = xhth ■ U ^ ■ B /3'' 2 ' M o h = 0, 



il,'2fc^>0 

(131) D X (M) - A (A) + [A, B] = 0, A^ 2 , B^ 2 G F°(£, a) 



Lemma 6. The elements 

(132) A|l' , Z a G Z> , a G jM , a ^ 0, 
generate the algebra F°(£,a). 

Proof. According to Remark dU the algebra F°(£,a) is generated by 

(133) A^ 2 , Mf h , h,l 2 eZ> , PeMa-x, aeMo, a ^ 0, 

where Bj}' 2 = 0. Similarly to the proof of Proposition [5j using equation (11311) . one can show that 
the elements fl 133[) belong to the subalgebra generated by (11321) . □ 

The next lemma follows from the definition of F°(£, a). 

Lemma 7. Let q be a Lie algebra. Consider formal power series of the form 

P= x h t h -U a ■ P^' h , Q= x h t h -UP-Qf h , 

aGM , a^O, /3eM d -i, h,h£Z> 

P l a' h , Qf h e 0, Q°o l2 =0. 

If D X {Q) - D t {P) + [P,Q] = 0, then the map A 1 ^ 2 ^ P^ l \ M^' h ^ Qf h determines a homo- 
morphism from F°(£, a) to g. 

Let g be a Lie algebra. A zero- curvature representation (ZCR) of Wahlquist-Estabrook type with 
coefficients in q is given by formal power series 

(134) p = J2 u<x ■ p ™ Q = J2 uP ■ Qp> p «> e 0' 

a£M PEMd-1 

satisfying 

(135) D x (Q)-D t (P) + [P,Q] = 0. 
The next lemma follows from the definition of the WE algebra 22J. 

Lemma 8. Any ZCR of Wahlquist-Estabrook type (11341) . (I135P with coefficients in q determines a 
homomorphism W — > Q given by A a i— >• P a , Bp \-> Qp. 
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Remark 15. For any Lie algebra £, there is a (possibly infinite-dimensional) vector space V such 
that £ is isomorphic to a Lie subalgebra of Ql(V). Here Ql(V) is the algebra of linear maps V — > V. 

For example, one can use the following construction. Denote by U(£) the universal enveloping 
algebra of £. We have the injective homomorphism of Lie algebras 

f: £^0[(U(£)), £(v)(w) = vw, v G £, w G U(£). 

So one can set V = U(£). 

Denote by F the vector space of formal power series in variables z\, z 2 with coefficients in F°(£, a). 
That is, an element of F is a power series of the form 

4z l iC hl \ C hh GF°(£,a). 

The space F has the Lie algebra structure given by 



UJ, 



J2+h 



h,h,h,h 

We have also the following homomorphism of Lie algebras 

(136) v. F^F°(£,a), 4 4 C hh ^ C 00 . 

For i = 1, 2, let d Zi : F — > F be the linear map given by 

9 



C hl \C hh G F u (£,a). 



Let D be the linear span of d zi , d Z2 in the vector space of linear maps F — > F. Since the maps d Zl , d Z2 
commute, the space D is a 2-dimensional abelian Lie algebra with respect to the commutator of 
maps. 

Denote by L the vector space D © F with the following Lie algebra structure 

[Xi + fi, X 2 + f 2 ] = X 1 {f 2 ) - X 2 {h) + [A, f 2 ], X U X 2 G D, f u f 2 G F. 
An element of L can be written as a sum of the following form 

{Vid n + y 2 d Z2 ) +J2 z i4 2 C hl \ 2/1,2/2 e C, C hh G F°(£,a). 

Theorem 7. Let C 2U be the subalgebra generated by the elements 

(137) (adA ) fe (A a ), k G Z> , a £ M , a ^ 0. 

Then the map (adA ) fc (A Q ) i-> fc! ■ A^'° determines an isomorphism between and F°(£,a). 

Proof. Since the functions in (II 2 6 p do not depend on x and t, from f)130p . (j!3ip it follows that 
the power series 



(138) 



A = d zi + £ (^T^A^ 2 ), 

o6Mo, o^O ^ h,l 2 ' 

b = (a 22 + y, ^»< 2 ) + e . (j2 A^W 2 ) ■ 



(139) 

Zi,Z 2 7 /3e^l d _i, /3^0 v h,h 

form a ZCR of Wahlquist-Estabrook type with coefficients in L. Applying Lemma [8] to this ZCR, 
we obtain the homomorphism 



(140) 



^:2H^L, <p(A )=d z 



« ^ 0, 



h A h,h ) e F 
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^ h,h ' Mi.Ja ' 

Clearly, F is a Lie subalgebra of L = D © F. In view of (I140p . for any a G A^o and k G Z> such 
that a/Owe have 

(141) y,((adA ) fc (A a )) = {add Zl ) k (j244 2 ^' 12 ) = 

Since !tH C 2B is generated by the elements (I137p . property (11411) implies (p(JR) cFcL Using the 

homomorphism (I136p and property f 1 1 4 1 j) . we obtain 

(142) 

vo^:<R^F°{£,a), [y o (p) ((ad A ) k (A a )^j = k\ ■ A^°, k G Z> , a e M , a ^ 0. 

Using Remark [J5J we can assume that 2H is embedded to the algebra gl(U) for some vector 
space V. 

Then the expressions e' B °, e xA ° and (11281) can be regarded as power series with coefficients in 
gl(V). If Si, S 2 are power series with coefficients in f)l(U), then the product SiS 2 is a well-defined 
power series as well. It is easy to check that the following formulas are valid 

(143) 

e iBo e xA ^ + U a ■ A a y- xAo e- tBo = D X - e* Bo A e-* Bo + ^ U a ■ e tBo e xA °A a e- xAo e- tB ° = 



= d x + Yl ua -H T\T\ xhth ( ad B °^ 2 (J ad ( A « 

(144) e tB °e xA °(^D t + ^ U p ■ B^e^e"' 130 = 

= D t -Bo+ ^■E^' lt/2 ( adB o) i2 (( adA o) il ( B ^)) 



PeMd-! h,h 

From (I129p . (I143j) . (11441) it follows that the power series 



(145) P= ^ a -E r ^- f ^ 1 ^(adB )^((adA )^(A c 

(146) g = -fio+ ^ ^•E^i x ' lt/2 ( adB o) /2 (( adA o) il ( B 



J >0) 



satisfy all conditions of Lemma[71 Applying Lemma[7]to (I145p . (I146p . we obtain the homomorphism 

(147) i,: ¥°(S,a) -> Off, ^(A l ^ h ) = ^(adBo)' 2 ((ad A ) h (A Q )) , a G 7W , a ^ 0, 

^(B^ 2 ) = ^-y(adB y 2 ((adA )' 1 (B /3 )), /3 G A4 d _!, /3 ^ 0, h,l 2 G Z ; 

^(B^ 2 ) = ^ 7 j(adB )' 2 ((adA )'i(B )), l' x G Z >0 , ^ G Z> . 
From (I147p we get 

(148) ^(A^ )=i-(adA )' 1 (Aa)G^, l± G Z>o, a G A4 , « ^ 0. 

£]_! 
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Since, by Lemma El the elements ( 1132 j) generate the algebra ¥°(S,a), property (11481) implies 
ip(W°(£, a)) C 9i Then from (fll2]) . (TT48]) it follows that the homomorphisms ip : F°(£, a) 91 and 
o y?| : *K — )■ F°(£ , a) are inverse to each other. □ 

5. The algebras ¥ p (£ , a) for the KdV equation 
Consider the infinite-dimensional Lie algebra 

s[ 2 (C[A]) s sh(C) <g> c C[A], 
where C[A] is the algebra of polynomials in A. 

Theorem 8. Let £ be the infinite prolongation of the KdV equation ut = u xxx + u x u. Let a G £ . 
Then ¥°(£,a) is isomorphic to the direct sum o/s^CfA]) and a 3- dimensional abelian Lie algebra. 

For each p G Z >0; consider the homomorphism (f p : ¥ p (£,a) — > F p_1 (£,a) from (170)) and the 
homomorphism ip p : ¥ p (£,a) — > ¥°(£,a) that is equal to be the composition of 

¥ p {£, a) ->• ¥ p -\£, a) ► F x (£, a) -)• F°(£, a) 

/rom (1701) . Then the kernel of ip p is contained in the center of the Lie algebra ¥ p (£,a), and the 
kernel ofip p is nilpotent. 

Proof. Let Q2J be the Wahlquist-Estabrook prolongation algebra of the KdV equation. According 
to [U E], the algebra Q2J is isomorphic to the direct sum of 5(2 (C[A]) and a 5-dimensional nilpotent 
Lie algebra. 

Consider the subalgebra 01 C 2H defined in Theorem [71 According to Theorem [7J one has 
F°(£, a) = D\. From the description of 2U in [H [5] it follows that 91 is isomorphic to the direct sum 
of s^(C[A]) and a 3-dimensional abelian Lie algebra. 

The results about the homomorphisms <p p : ¥ p (£,a) — > ¥ p ~ 1 (£,a) and ip p : ¥ p (£,a) — > ¥°(£,a) 
follow from Theorem O □ 
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